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Optimal Discrete-Time Dynamic Output-Feedback Design:
A w -Domain Approach

Cheolkeun Ha,* Uy-Loi Ly,t and Martin C. BergJ
University of Washington, Seattle, Washington 98195

An alternative method for optimal digital control design is described in this paper. The method is based on
the usage of the w -transform and has many attractive design features. One of these is its immediate connection
with frequency loop-shaping techniques that are now popular and effective for multivariable control synthesis
in the continuous-time domain. Furthermore, any design algorithms originally developed for continuous-time
systems can now be immediately extended to the discrete-time domain. The main results presented in this paper
are the exact problem formulation and solution of an optimal discrete-time dynamic output-feedback design in
the w domain involving a quadratic performance index to random disturbances. In addition, necessary condi-
tions for optimally are obtained for the numerical solution of the optimal output-feedback compensator design.
A numerical example is presented illustrating its application to the design of a low-order dynamic compensator
in a stability augmentation system of a commercial transport.

I. Introduction

TRADITIONALLY, transform methods are used in the
development of control design techniques primarily in the

frequency domain. Some of these are classified under the cat-
egory of classical methods applicable only to single-input/sin-
gle-output control design problems. In the synthesis of digital
control systems operating at a specific sample time T, approx-
imation of continuous-time models can also be obtained using
transform methods.1'4 Among these, the z and w transforms1'2
have received extensive treatment.5 Characteristics of the w
transform and its similarity to the continuous-time s-domain
representation have been discussed in Ref. 6. In this paper, we
extend the results of Ref. 6 to the dynamic output-feedback
problem. More specifically, an exact problem is formulated
for an optimal discrete-time output-feedback control design. It
involves the minimization of a quadratic performance index
and a plant model excited by white noise disturbances. Ele-
ments of the plant synthesis model are derived starting from a
problem definition in the z domain. An equivalent quadratic
performance index is derived for the w-domain representation
along with the necessary conditions for optimality. Explicit
realization of a dynamic compensator designed in the w do-
main into an implementable form in the z domain is also given.

II. w-Domain State-Space Model
of a Discrete-Time System

We consider a discrete-time model of the following form:

k+i = Adxk + Bduk + %

yk = Hxk + Luk + vk (1)

where xk is a state vector of dimension n, uk is a control in-
put of dimension m, and yk is the measurement output of
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dimension p . The noise disturbances %k are random processes
with zero mean E [ £ k ] = 0 and covariance £{£,-££} = W0bjk
where E { - } denotes the expectation operator. Similarly, the
measurement noises vk are random processes of zero mean
E(vk}=Q and covariance E ( VjVk } = V0bjk . For simplicity, we
assume that the process and measurement noises are uncorre-
lated, i.e., E(%jVk]=Q. Without many restrictions, we also
require that the pair (Ad,Bd) be stabilizable and the pair
(Ad,H) detectable. It should be noted that if a continuous-
time system is detectable, then its zero-order-hold (ZOH)
equivalent model obtained from discretization is also de-
tectable. Moreover, the discretized model is also controllable if
the original continuous-time system is controllable and the
sample time Tis less than Nyquist's sampling period.9'10 Let's
consider the following discrete-time quadratic performance
index Jw (Ref s. 1, 11):

Jw=1im — D
N~c» 27V A: = 0

(2)

where the weighting matrices Qw and Rw are assumed to be
positive semidefinite and positive definite, respectively. We
include for generality the cross-coupling term Mw between the
state and control variables.

Let's first apply the z transform to the discrete-time system
given in Eq. (1). We obtain

-xo = Adx(z) + Bdu(z)

(3)

Now we use the bilinear transformation1 to transform the
system in Eq. (3) into the w domain. Recall that the bilinear
transformation is defined as

2 z-\w = — —— (4)

Then the resulting system in the w domain is given in state-
space representation by

x(w) = xw(

y(W) = HXW(

(5)

V(W)
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where

(6)

£ _2

= -(A/+/.r%

Fw=L-H(Ad+In)~lBd

Lw = -H(Ad+In)~l

and where In represents the identity matrix of dimension n.
Note that the system in Eq. (5) has state xw(w) and the vari-
ables x(w), u(w), y(w), £(w), and v(w) are simply w trans-
forms of the variables xk, uk, yk, £*, and vk, respectively. It
is interesting to note that since the matrices Fw and Dw are
in general nonzero, the transfer function matrices between the
original state x(w) and the output y(w) with respect to the
control input u(w) are therefore not strictly proper. Further-
more, the output equation y(w) formulated in the w domain
will also include, in addition to the sensor noise v(w), the
influence of the process noise £(w) through the nonzero matrix
Lw. Thus, to evaluate the output covariance responses to pro-
cess and sensor noises, one needs to address the general case
where the process and sensor noises are correlated.

In the next section, we will give a state-space realization of
a discrete-time controller in the w domain. This formulation
parameterizes all of the design freedom in the synthesis of a
low-order compensator of arbitrary order and structure. A
relation is also given that transforms an arbitrary set of con-
troller matrices in the w-domain representation back into the
z domain for design implementation.

III. Controller Description in the w Domain
A general discrete-time controller structure can be described

in terms of a linear time-invariant state model of the form

ck+i = Acxck +Bcyk

uk = Ccxck +Dcyk (7)

and the initial conditions of the controller state are zero, i.e.,
xco = 0. The controller state matrix Ac is assumed to be of order
r (r <n). The problem formulation is flexible, and it allows a
complete freedom in selecting the design parameters among
the controller state matrices Ac, Bc, Cc, and Dc. Furthermore,
the structure and the order r of the controller are arbitrary and
can be set up to represent any desired configuration, e.g.,
integral control, low-pass controller, or controller based on
current estimator or one-step prediction estimator (where Dc is
zero). For simplicity in notation, we define the quadruple (Ac,
BC,CC,DC) in Eq. (7) into a single gain matrix K as follows:

Dc Cc

Bc Ac_
(8)

Let us begin with a controller given directly in the w domain
of the following form:

) = ATxT(w) + BTyr(w)

= CTxT(w) + DTyT(w)

where the controller input >v(w) is an auxiliary output of the
plant described in Eq. (5) and is defined by

yT(w) = Hxw(w) v(w)

(10)

As before, one can represent the controller state matrices in a
compact manner by a single gain matrix KT,

)T CT
(ID

Clearly, the problem is to find a set of gain matrix KT such that
the closed-loop system represented in the w domain is asymp-
totically stable, i.e., having closed-loop eigenvalues in the left
half of the complex w plane, and possesses the desired closed-
loop performance. These gains can be determined using any
known continuous-time synthesis methods such as eigenstruc-
ture assignment,12 //2-optimal control,13'14 loop transfer recov-
ery method,15 or H°° optimization.16 Once a stabilizing gain KT
has been found, it is shown in Theorem 1 that one can con-
struct an equivalent output-feedback gain K as in Eq. (8) that
will stabilize the corresponding discrete-time system of Eq. (1).

Theorem 1: Let a stabilizing output-feedback controller be
characterized by the quadruple (AT,BT,CT9DT) or by its equiva-
lent compact form Kr in Eq. (11) for a system described in
the w domain. The corresponding discrete-time output-feed-
back controller in the z domain given by the matrix

K = CAB + D

will also stabilize the system described in Eq. (1) where

(12)

2 _
r r-

'2

r j

and
A = AT - Br(Ip + FWDT)~1

B = BT(IP+FWDT)-1

C=(Im+DTFw)-lCT

Furthermore, the closed-loop eigenvalues between these two
system representations are related by the bilinear transforma-
tion.

Proof: It can be easily shown from Eqs. (9) and (10) that

wjtw(w) = Axw(w) + By(w)

u(w) = Cxw(w) + Dy(w) (13)

(9)

Applying the bilinear transformation defined in Eq. (4) to the
system given in Eq. (13), one obtains the results of Eq. (12).
Thus, we can see that Eq. (12) provides a convenient way to
construct the z domain state-space matrices from their coun-
terparts in the w domain. Furthermore, the open-loop con-
troller matrix Ac is stable, i.e., having its eigenvalues_inside the
unit circle in the z plane, if and only if the matrix A is stable
with its eigenvalues in the left half of the w plane.

Following the proof provided in Ref. 6 for the static output-
feedback problem, it can be shown that, for the dynamic out-
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put-feedback case, the closed-loop eigenvalues of the afore-
mentioned two system representations with feedback gains
given in Eq. (12) are also related through the bilinear transfor-
mation. This result simply follows from the fact that any dy-
namic output-feedback problem can be placed into a static
output-feedback setting by considering an augmented system
model that also includes the controller dynamics. D

Remark 1: Results of Theorem 1 provide us with a frame-
work to design discrete-time controllers in the w domain and
then later realize them in the z domain for design implemen-
tation. Note that under the relation of Eq. (12) closed-loop
stability is preserved. In Sec. V, we will present an optimal
design methodology in the w domain that is equivalent to H2

optimization in the discrete-time optimal control synthesis. In
the proposed design procedure, the relation in Eq. (12) also
preserves the optimum performance obtained from the mini-
mization of Jw in Eq. (2).

In the next section, we will formulate the exact H2 optimal
control problem for discrete-time systems in the w domain.
Necessary conditions for optimality are derived that enable us
to determine the optimum controller design using a numerical
optimization based on gradient search.

IV. W Synthesis Based on H2 Optimization
It is well known that multivariable control synthesis based

on 772-norm optimization has become a useful design method
for both continuous-time and discrete-time systems. Since our
design goal is to address the control-law synthesis purely in the
w domain, i.e., for our ^-synthesis methodology, it is impor-
tant to be able to define the exact H2 norm in this setting. Our
main result is that the performance index given in Eq. (2) can
be expressed using the Parseval theorem6'10 as follows:

(14)

where

7W = ———; E
4*7 J -7oo

47 T
x (2/r)2-w:

w(w)J LMw
r

dw

where [•]* denotes the conjugate transpose of a matrix. A
unique feature in this formulation is the presence of a weight-
ing filter with bandwidth determined by the sampling time T.
Clearly, to correctly evaluate the performance index in the
w-domain setting, one needs to include this shaping filter ap-
plied to both the system state x(w) and the control u(w). A
physical interpretation of this result is that, when the sampling
time Tis small, the effects of this shaping filter become negli-
gible, and hence the performance index closely approximates
that of a continuous-time system. With this observation, the
proposed W synthesis can therefore be used as a generalized
method involving frequency shaping in the w domain and
thereby brings the discrete-time and continuous-time designs
into a single unified framework. Note that these results cannot
be realized within the z-domain formulation. In the next sec-
tion we give a design procedure for determining the output-
feedback dynamic controller (defined in the matrix KT) that
minimizes the performance index Jw of Eq. (14). The given set
of necessary conditions for optimality can be solved using the
numerical scheme developed in Ref. 7 for continuous-time
systems.

V. Necessary Conditions for Optimality
In the derivation of the necessary conditions for optimality,

it is convenient to reformulate our problem in an equivalent
time-domain state-space representation starting from the w-
transformed model of Eqs. (5) and (9). This can be done by
defining a "fictitious" time variable r where the operator dr
assumes a similar function as the differential operator dt in the
continuous-time domain. More precisely, we define a Laplace
operator $ in the w domain by the following integral:

(15)

and the function d(r) is the usual Dirac function.
Using the r operator as defined in Eq. (15), we construct

an augmented system model with the following states xa(r)
= [Xw(T)9Xf(T),Uf.(T),x?(T)]T where [-] r denotes the trans-
pose of a matrix. Besides the plant model states WW(T) and the
controller states xT(r), additional states xf(r) and uf(r) are
needed to model the generalized weighting filter in the perfor-
mance index Jw. The closed-loop system with the feedback
controller Kr given in Eq. (11) has the following form:

- xa(r) = (Aa + BaKTHa)xa(r) (Gwa + BaKrGva)rj(r) (16)

where

£'•
0

0

0

~TIn

0

0

0

0

2

0

0

0

0.x.

Ha =

G —^-*wa —

Bw 0

— Dw 0

Tr1™ °
0 Ir

Hw 0 0 0
0 0 0 7 ,

rw o

TTE« °
0 0
0 O r x /

(17)

\L* /,!
L o orx/J

Gva =

Note that the vector 77(7) = [£r(r), v T(T)]T includes both the pro-
cess and measurement noises where

v(r)J|_v(4
(18)

with

WQ 0
0 Kr

Using the previous state-space model for the closed-loop sys-
tem, the performance index Jw in Eq. (14) becomes

s /(r)e-^dr Jw = l/2 T r a c e [ L X ] (19)
o-
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where They are given by

nxn 0 0 0

0 Qw Mw 0
0 Ml Rw 0
0 0 0 O rx r

(20)

and X satisfies the following steady-state continuous-time
Lyapunov equation:

(Aa +BaKTHa)X + X(Aa + BaKrHa)T

+ (Gwa + BaKTGva)W1,(Gwa + BaKrGva)T = 0 (21)

Minimization of the performance index Jw with respect to the
controller gain matrix KT leads to the following necessary con-
ditions for optimality8:

=0 (22)

where X is given in Eq. (21), and A satisfies the following dual
Lyapunov equation:

(Aa +BaKTHa)TA + A(Aa +BaKTHa) + L = 0 (23)

Thus, evaluation of the gradients of 8Jw/dKT involves solving
two continuous-time Lyapunov equations of an augmented
system. The optimal output-feedback gain K7 can be deter-
mined using the numerical search algorithm7 for continuous-
time systems and for a finite time quadratic performance
index.

An important part of any optimal control design procedure
is the selection of design weighting matrices Qw, Mw, and Rw
in the performance index Jw. Clearly, for small sample time T7,
one can simply use the same design weights and penalty vari-
ables as those in the continuous-time optimal control-law syn-
thesis. When the sample time is not small, one needs to ac-
count for the intersample responses in a sampled data control
system.1'14 The weighting matrices are simply obtained from
the discretization of the continuous-time performance index,
and they are given by

= eATtCTQcCeAtdt

T r / r *
ATt\fw = eAlt\ CTQCC( eAsBds) + CTQcD\ dt

Jo L \Jo

T V / ? t Y ,rt
( eAsBds} CTQCC( eAvBdv

o L VJo / \Jo

sBds

(24)

DTQCC( e
J o

eAsBds) CTQCD

+ (DTQCD+RC)\ dt

where Qc is the weighting matrix for the criterion vector z ( t )
= Cx(t) + Du(t), Rc is the penalty weighting matrix on the
control input u(t), and A and B are state matrices of the
continuous-time plant model.

Remark 2: Optimal discrete-time full-state feedback gain
KfC and the associated Kalman gain Kec of a current estimator18

can be obtained simultaneously from a full-order controller
compensator designed using the previous W-synthesis method
without having to solve any discrete-time Riccati equations.1'11

c = C+ c(^In- B + DH

-I-rvr1 B

_
B + D

(25)

_ _
-Bdc-In-A

where A, B, C, and D are defined in Theorem 1 and Ad, Bd,
and H are defined in Eq. (1).

RemarkS: To design strictly proper discrete-time con-
trollers using the W synthesis, we need to impose the condition
that the controller model given in Eq. (9) has at least one
blocking zero at w =2/T or

Dc = I Cr(|/n -Aj ' = 0 (26)

Remark 4: The algorithm developed in the continuous-time
domain for optimal low-order output-feedback controllers is
directly applicable to the proposed W-synthesis method. De-
sign solutions are readily obtained from the design algorithm
in Ref. 7. Here the initial design guess does not have to be
stabilizing since the design algorithm involves the use of a
finite time performance index.

Remarks: The W synthesis solves in the w domain the
exact optimal H2-norm problem for discrete-time systems to
stochastic disturbances.

Remark 6: One can formulate different controller struc-
tures in the w domain to reflect any discrete-time controllers,
although some additional constraints may be needed to en-
force the design structures, as in Eq. (26) for a strictly proper
controller.

Remark 7: This W-synthesis methodology differs from the
conventional optimal z -domain controller design with mea-
surement feedback because the W-synthesis method involves
only a couple of continuous-time Lyapunov equations [Eqs.
(21) and (23)]. To clarify this statement, a conventional
method for optimal discrete-time controller design is briefly
shown next. For simplicity, let's define the state co variance
matrix of the closed-loop system in discrete-time domain as
Xk, i.e.,

v

(27)

where xk and xck are defined in Eqs. (1) and (7). It can be
shown that Xk satisfies the following discrete-time Lyapunov
equation17'19:

+B0KGV)T (28)

where

o o ' /,

H \H ° 1H'~[o WT
r"=

0r x
(29)


